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Although Markov chains are widespread, and their stability is well stud-
ied, sometimes we want to consider the nonlinear models in the sense of
dependence on the process distribution. Then, some difficulties with model
stability may arise for nonlinear Markov chains. This paper presents some
results on the law of large numbers and the central limit theorem for some
class of nonlinear Markov chains so that these results may be considered as
some stability properties.

Let (Xµ
n )n∈Z+

be a nonlinear Markov chain with state space (E, E), |E| <
∞, initial distribution Law (Xµ

0 ) = µ, µ ∈ P(E) and transition probabilities
Pµn(x,B) = P

(
Xµ

n+1 ∈ B|Xµ
n = x;L(Xµ

n ) = µn

)
, where x ∈ E, B ∈ E , n ∈

Z+ and µn := Law(Xµ
n ). Therefore, the transition kernel depends on both

the state of the process at the moment n and the distribution of the process
at that moment.

First of all, the existence and uniqueness of an invariant measure for
nonlinear Markov chains is not as simple as in case of ordinary Markov chains.
There are some results that prove the fact that such processes do have a
unique invariant measure if they satisfy the following conditions:

sup
µ,ν∈P(E)

∥Pµ(x, ·)− Pν(y, ·)∥TV ≤ 2(1− α), 0 < α < 1, x, y ∈ E, (1)

∥Pµ(x, ·)− Pν(x, ·)∥TV ≤ λ∥µ− ν∥TV , λ ∈ [0, α], x ∈ E, µ, ν ∈ P(E). (2)

Considering such class of the processes, that satisfy these conditions, we
can also establish the law of large numbers and central limit theorem.

Theorem 1. Let Xµ
k be a nonlinear Markov chain defined on a measurable

finite state space (E, E) that satisfies the conditions (1), (2) and g ∈ Cb.
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Denote Sn =
∑n−1

k=0 g(X
µ
k ), then the sequence Sn satisfies the law of large

numbers, such as, n → ∞

Sn

n

P−→ E[g(Xπ
0 )],

where E[g(Xπ
n )] =

∫
g(x)π(dx), Xπ

k is a copy of Xµ
k with initial distribution

equal to the invariant measure π.

Theorem 2. Let Xµ
k be a nonlinear Markov chain defined on a measurable

finite state space (E, E) that satisfies the conditions (1), (2) and g ∈ Cb. De-
note Xπ

k a copy of Xµ
k with initial distribution equal to the invariant measure

π,

Sn =
n−1∑
i=0

(f(Xµ
i )− E[f(Xπ

0 )]) ,

σ2 = Eπ

[ ∑
0≤i≤j≤∞

(f(Xµ
i )− E[f(Xπ

0 )])
(
f(Xµ

j )− E[f(Xπ
0 )]

)]
.

Then, the nonlinear Markov chain satisfies the central limit theorem,

E
[
g

(
Sn√
n

)]
→ E [g(η)] , η ∼ N (0, σ2).
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